Variance swaps are natural instruments for investors taking directional bets on volatility and are often used for portfolio protection. But the crucial observation suggests that derivative professionals may desire to hedge beyond volatility risk and there exists the need to hedge higher-moment market risks, such as skewness and kurtosis risks. We propose new derivative contracts: skewness swap and kurtosis swap, which trade the forward realized third and fourth cumulants. Using S&P 500 index options data from 1996 to 2005, we document the returns of these swap contracts, i.e., skewness risk premium and kurtosis risk premium. We find that the skewness risk premium is significantly negative and kurtosis risk premium for 90 day maturity is significantly positive. 
Introduction
It is well known that managing volatility is central to hedging the risk in an options portfolio. Variance swaps, a forward contract with a payoff based on the realized variance of a stated equity index, offer investors a straightforward vehicle for achieving long or short exposure to market volatility. Wall Street firms started to trade variance swaps as early as late 1990. According to some estimates, the daily trading volume in equity index variance swaps reached USD 4-5 million vega notional in 2006. On an annual basis, this corresponding to payments of more than USD 1 billion, per percentage point of volatility (Carr and Lee (2009)).
Variance swaps are natural instruments for investors taking directional bets on volatility or hedging the volatility risk exposure of their portfolios. Bossu, Strasser and Guichard (2005) argue that variance swaps are especially attractive to volatility sellers for two reasons.
The first reason is that implied volatility of an exchange traded option tends to be higher than the realized volatility. Ample empirical studies document that the Black-Scholes implied volatilities of at-the-money options are systematically and consistently higher than realized volatilities of the underlying. Negative volatility risk premium, the difference between the physical and risk-neutral volatilities, is regarded as a major explanation for this seemingly puzzling evidence by researchers ). The second reason is that the payoff of a variance swap is convex in volatility. Convexity causes implied volatility to be slightly higher than "fair" volatility. Rubinstein (1994) empirically documents that the implied volatility as a function of the strike price has been skewed towards the left since the market crash in 1987. In particular, the downward slope of the smirk reflects asymmetry (negative skewness) in the risk-neutral distribution of the underlying index return (Carr and Wu (2003) ). Together, they contribute to the huge success of the variance swaps market. Robinstein (1994) and Dennis and Mayhew (2002) also show that risk-neutral skewness tends to be more negative in periods of high market volatility and when the market skew is negative. This crucial observation suggests that derivative professionals may desire to hedge beyond volatility risk and there exists the need to hedge higher-moment market risks, such as skewness and kurtosis risks. In fact, deviations of physical densities from risk- Traditionally, volatility trading requires both buying and selling options, but from time to time traders find that their brokerage firms do not facilitate options sellings as straightforward as options buying. By variance swaps, traders can now have easy access to volatility trades. Accordingly, we propose two new derivative contracts: skewness swap and kurtosis swap that will trade skewness and kurtosis risks directly. We offer in this paper some fundamental understanding of the risk premium properties of these two potential contracts.
The variance swap is a contract in which two parties agree to exchange cash flows based on the measured variance of a specified underlying asset during a certain time period. On the trade date, the two parties agree on the strike price of the contract (the reference level against which cash flows are exchanged), as well as the number of units in the transaction. Carr and Wu (2009) recommend that the fair strike price of the variance swap is the risk-neutral second central moment of the underlying asset return. They develop a method to measure the return variance risk premium by a variance swap contract that pays the difference between a standard estimate of the realized variance and the fixed variance swap rate which equals the risk-neutral future realized variance.
Following the definition of variance swap, skewness and kurtosis swaps are proposed to trade the forward third and fourth central moments. we propose that the fair strike price of the skewness/kurtosis is defined by the risk-neutral third/fourth central moments. Thus, the skewness/kurtosis swap contract is designed as the same manner in spirit as the variance swap contract except the strike price of the contract. We define the premia of skewness and kurtosis risks estimated as the difference between the physical and risk-neutral central moments. Given the reasons that have contributed to the success of variance swaps, it is of great interest to know whether or not the skewness/kurtosis risk premia defined by the difference between the physical and risk-neutral third/fourth central moments are non-zero.
Using S&P 500 index options data from 1996 to 2005, we study the properties of the risk premia.
Blaskowitz, Hardle and Schmidt (2003) argue that the information skewness and kurtosis require is contained in the Black-Scholes implied volatility smile and depending on the smiles'(or smirk) location, slope and curvature, a skewness or a kurtosis trade is set up.
Zhang and Xiang (2008) theoretically give a relationship between the risk-neutral standard deviation, skewness and kurtosis and the implied volatility smirk based on a model-free manner. Based on this result of Zhang and Xiang (2008) , we infer the risk-neutral higher order cumulants from options with 30, 60 and 90 days to maturity. By comparing these risk-neutral cumulants with the subsequent realized physical cumulants, we can study the risk premium of higher order cumulants. We find that S&P 500 index return has a significant negative variance risk premium and a significant negative skewness risk premium.
Kurtosis risk premium is significant for a long maturity. This paper makes two contributions. First, this paper is the first to offer a justification and to propose the trading of the skewness swap and kurtosis swap contracts, which trade the forward realized third and fourth cumulants. Second, this is the first paper to document the signs and magnitudes of skewness and kurtosis premium.
The rest of this paper is organized as follows. Section 2 gives the definitions and calculations of physical and risk-neutral cumulants. Section 3 describes the trading of the second order cumulants. Trading the third and fourth cumulants are given in Section 4.
Section 5 describes the data for our empirical study. Section 6 presents our empirical study results. Section 7 concludes.
2 Definitions and calculations of Physical and Riskneutral Cumulants
Cumulants of a random variable
In probability theory and statistics, the first cumulant of a random variable X is defined as its expected value κ 1 = µ = E(X). Its second cumulant is defined as the variance
The higher order cumulants κ n are defined by the cumulant-generating function:
where t is the parameter. Then we have :
Working with cumulants has an advantage over using moments, because for independent variables X and Y ,
therefore the cumulants of the sum of two independent random variables are the sum of the corresponding cumulants of the addends.
Some prefer to define the cumulant generating function g(t) via the characteristic function h(t), which is
The two functions are related by h(t) = g(it) and where i is the standard imaginary unit.
This characterization of cumulants is valid even for distributions whose higher moments do not exist.
The relation between cumulants and moments
The cumulants of a random variable are closely related to its moments. The moment generating function, M n , is defined:
therefore, the cumulant generating function is the logarithm of the moment generating function. The third cumulant is the third central moment, and the fourth cumulant is the fourth central moment minus three times the square of the variance. The higher cumulants are neither moments nor central moments, but rather more complicated polynomial functions of the moments.
We summarize the relation between the first four moments and cumulants are given as follows:
2.3 Calculations of physical and risk-neutral cumulants of index returns
Physical cumulants
The continuously compounded return of underlying asset with price S t during the period time t to T is defined as
where
Following Carr and Wu (2009), we use the realized cumulants as the proxies of physical cumulants. Based on the daily data and set τ = 1/252, the first physical cumulant can be calculated from the daily stock price, S i , as follows:
where n is the total number of the daily observations over the estimation interval. S i is the i-th observation and S i+1 is the price value of the following trading day (all the values of cumulants calculated are annualized).
The second, third and fourth physical cumulants at time t for n daily observations are calculated from the following equations:
where the three coefficients before summations related to n are due to the unbiased estimation rule in statistics. The implied volatility, IV, can be approximated by a second-order polynomial function of moneyness, i.e,
Risk-neutral cumulants
where η 0 , η 1 , η 2 are the level, slope and curvature of the implied volatility smirk and ξ is a measure of the moneyness which is defined by
whereσ denotes a measure of the average volatility of the underlying asset return, τ is the option's maturity, K is the strike price and F 0 is the forward price which is described in detail in the following sections.
Then we invoke the following proposition according to Zhang and Xiang (2008 
If we further assume that
1, then we obtain following simple result
After we obtain the risk-neutral standard deviation σ Q , skewness λ Q 1 and kurtosis λ Q 2 , by Proposition (1) and using the following relation, it is straightforward to obtain 
Assume the underlying stock follows the process,
where the volatility σ t is a stochastic variable and B t is the standard Brownian motion.
Subtracting these two equations gives
The realized variance can be written as
The variance swap rate is then determined by
Variance swap rate can be determined by the current price of all the out-of-money(OTM)
European calls and puts. This formula was obtained by Carr and Madan (1998) , by using discretized version of the above formula as the approximation of the variance swap rate.
The relation between the variance swap rate and the riskneutral variance
In a risk-neutral world, the underlying stock follows as:
Then the risk-neutral log return ln(S T /S t ) can be written as the following:
then the risk-neutral variance is
If the variance of σ t is small, the values of the first and third terms are relatively small compared with the variance swap rate SW t,T , then
where the error term t depends on the detailed specification of σ t process.
Therefore, for simplification professionals usually use the risk-neutral variance as an approximation to the swap rate of the variance swap to measure the variance risk premium.
Skewness and kurtosis swaps
Motivated by the design of variance swap contracts traded actively on the Wall Street, we define two new derivative contracts: skewness swap and kurtosis swap. The skewness/kurtosis swap is a forward contract on realized third/fourth central moments. A return skewness/kurtosis swap also has zero net market value at entry as a return variance swap. At maturity, the payoff of a long side of the skewness/kurtosis swap is equal to the difference between the realized third/fourth central moments and a constant called skewness/kurtosis swap rate, 
where R3C t,T /R4C t,T is the realized third/fourth central moments.
Carr and Wu (2007) document that jump diffusions induce short term smiles and skews that dissipate quickly with increasing maturity due to the central limit theorem, while stochastic volatility induces smiles and skews that increase as maturity increases over the horizon of interest. In order to understand the mechanism of skewness and kurtosis swap rates we need a much more complicated model, such as one with stochastic volatility or stochastic jump intensity. A theory of replicating the realized third/fourth cumulants by using options portfolio is yet to be developed.
From the relation between variance swap rate and risk-neutral variance discussed in the previous section, the skewness/kurtosis swap rate is not equal, but very close to the risk-neutral third/fourth central moments of log return over the period [t, T ]. The detailed analysis, which depends on the processes of volatility and jump intensity, for example, see
Carr and Wu (2007), is not elaborated here.
In this paper, we focus on the empirical study on the relation between physical and risk-neutral central moments by using S&P 500 index option data.
Data
We use the daily S&P 500 closing index from January 4, 1996 to December 30, 2005 as our proxy for the underlying price. The total number of observations is 2514. The risk-free rate used in our empirical study is from the U.S. daily treasury yield curve rates. We also retrieve the daily S&P 500 index European options (including all the call and put options for different strike prices and maturities traded) data from OptionMetrics which provides historical prices of options based on closing quotes at the Chicago Board of Options
Exchange. The range of our options data sample is also from January 4, 1996 to December (15) and (16) . In our data analysis, we use at-the-money implied volatility as a proxy ofσ. F 0 is the implied forward price and is determined based on at-the-money option prices: Since put-call parity holds, the market data of either call or put give the same values of the implied volatility. We use out-of-money options to compute the implied volatilities for different strikes. When the strike is K < 900 or K > 900, implied volatilities are calculated from the put and call options respectively by the Black-Scholes formula. At-the-money implied volatility, denoted byσ, can be calculated by its call or put. We obtain two time series for implied volatilities and corresponding moneyness values ξ with different strike prices K for 15 day maturity on September 6, 2002.
We follow the calculating method of Chicago Board Options Exchange (CBOE) Volatility Index, VIX, to construct the options with 30-day maturity. We use a quadratic function to fit the implied volatilities by minimizing the volume weighted mean squared error
whereσ, η 1 and η 2 are defined in Equations (15) and (16) . Accordingly, we obtain
or the smirk parameters of the day on September 6, 2002 for 15 days maturity, (η Figure 2 . It is obvious that they fit quite well except for points corresponding to approximate zero trading volumes.
We then use the extrapolation technique as it is used by CBOE for VIX Using the same method, we can obtain these parameters of implied volatility smirk for 60 days and 90 days , respectively, time to maturities.
Equity risk premium
We define the equity risk premium as the excess average return earned by an individual stock or the overall stock market index over the corresponding risk-free rate. It compensates investors for taking on the relatively higher risk in the equity market. The size of the premium will vary with time as well as the risk.
Suppose that the expected compound return of an asset is expressed as
Then the equity premium φ is
If dt is 1/252, then µ is the daily mean return. Table 1 reports the summary of the average excess returns(annualized) from January (2003)). Empirical studies show that increased realized volatility coincides with downward market moves (French, Schwert and Stambaugh (1987) ). This could induce negative variance risk premium.
In equilibrium, risk averse investors are expected to be properly compensated for any risk that is taken. Conceptually, this is not confined to volatility risk. The intuition motives the need to further explore higher order risks, such as skewness risk and kurtosis risk.
Variance risk premium
According to the condition and Equations (17) and (18) 
From Equation ( 
Using the same method, risk-neutral 2nd, 3rd and 4th central moments for 60 days and 90 days can be obtained.
Since variance risk premium is defined as the difference between physical (realized) and risk-neutral variance, we also need to compute the physical variance with the same time horizon. 
Skewness risk premium
Following the definition of the variance risk premium in Carr and Wu (2009) and Bollerslev, Tauchen and Zhou (2009), we define the skewness risk premium to be the return of a skewness swap which is a forward contract on the value of the realized third central moments.
To ensure the swap rate in the contract is positive, we define the skewness risk premium as the negative difference between the physical and risk-neutral third central moments,
From Equations (16) and (17), we know that the physical third central moment M c 3 and risk-neutral third central moment M cQ 3 can be obtained by
Using the same method to compute the physical and risk-neutral central moments as in previous section, we obtain the time series of the realized and risk-neutral third central moments by Equations (38) Recently, Conrad, Dittmar and Ghysels (2009) find a negative relation between skewness and return. Examine this relation from our risk-neutral skewness in Table 3 and excess average return in Table 1 , we find that our result also give a support of it.
Furthermore, We find that, in all three panels, the skewness risk premium is most negative during sub-period 2000-2002. Interestingly, it is also the sub-period in Table 1 where the average excess return is most negative.
Kurtosis risk premium
Following the definition of the skewness risk premium, we define the kurtosis risk premium to be the return of a kurtosis swap which is a forward contract on the value of the fourth central moment. That is
The fourth central moment can be obtained by equation (19):
and here 3 is added because λ 2 and λ Q 2 are excess kurtosis in our definition. From Equation (18) in Proposition 1 and Equation (42), it is easy to obtain risk-neutral fourth central moments. That is
The physical fourth central moment is directly calculated from the data based on the Equation (14) . Table 4 shows the kurtosis risk premiums. Over the entire sample, we find that the kurtosis risk premium is not statistical distinguishable from zero for 30 days and 60 days time to maturities. However, the kurtosis risk premium for 90 days to maturity is significantly positive at a at the 10% level. The risk-neutral densities can be inferred from options markets. We can approximate the swap rates of the skewness and kurtosis swap contracts by the risk-neutral third and fourth central moments respectively. Based on the relation between the parameters of implied volatility smirk and the risk-neutral standard deviation, skewness and kurtosis given by Zhang and Xiang (2008), we empirically investigate the variance risk premium, skewness risk premium and kurtosis risk premium using S&P 500 index data.
We find that variance risk premium and skewness risk premium are all significantly negative for the time to maturities 30 days, 60 days and 90 days. The kurtosis risk premium is significantly positive for 90 days time to maturity, although it is not significant for 30 days and 60 days time to maturities. This paper makes two contributions. First, this paper is the first to offer a justification and to propose the trading of the skewness swap and kurtosis swap contracts, which trade the forward realized third and fourth central moments. Second, this is the first paper to document the signs and magnitudes of skewness and kurtosis premium. (one day) and µ is the average historical return of the sample used, and r is the corresponding average risk-free rate. Here r is the average 1-month US yield. µ is computed by the following
σ is the standard deviations of the sample and n is number of the observations of the sample. SR is the sharp ratio which is defined by SR = φ/σ. All the results in the table are based on annual adjustment.
Sample Period
Obs. 
